Null orbifolds in AdS, Time Dependence and Holography by Simón, Joan
ar
X
iv
:h
ep
-th
/0
20
81
65
v1
  2
2 
A
ug
 2
00
2
WIS/38/02-AUG-DPP
Null orbifolds in AdS, Time Dependence and
Holography
Joan Simo´n
The Weizmann Institute of Science, Department of Particle Physics
Herzl Street 2, 76100 Rehovot, Israel
E-mail: jsimon@weizmann.ac.il
Abstract
We study M/D-branes in a null-brane background. By taking a
near horizon limit, one is left with cosmological models in the cor-
responding Poincare´ patches. To deal with their usual horizons, we
either extend these models to global AdS or remain in the Poincare´
patch and apply a T-duality transformation whenever the effective ra-
dius of the compact dimension associated with the null-brane probes
distances smaller than the string scale. The first scenario gives rise to
null orbifolds in AdS spaces, which are described in detail. Their con-
formal boundaries are singular. The second has a dual gauge theory
description in terms of Super Yang-Mills in the null-brane background.
The latter is a good candidate for a non-perturbative definition of
string theory in a time-dependent background.
Keywords: null orbifolds, AdS spaces, AdS/CFT correspondence, time de-
pendence
1 Introduction
One of the most interesting questions in theoretical high energy physics con-
cerns the lessons that a quantum theory of gravity might teach us about the
origin of the universe. It is thus natural to study time dependence in the
framework of string theory. Lately, there has been certain amount of work in
this direction. One can consider orbifolds and discrete quotients of Minkowski
spacetime acting non-trivially on time [1, 2, 3, 4, 5, 6, 7, 10, 8, 9, 11, 12].
Out of the different possibilities, there is a single basic one preserving one
half of the spacetime supersymmetries, the null (parabolic) orbifold [1] act-
ing on R1,2. This is a singular spacetime : it has fixed points, it is non-
Hausdorff and it has closed lightlike curves. These features are resolved by
the null-brane [4, 8, 11, 12] which is obtained by adding a shift, transverse
to R1,2, to the discrete quotient action. The stability of these configurations
[13, 12, 14] and the validity of perturbative techniques have also been par-
tially discussed [9, 11, 12, 14]. Another possibility is that of coset models
having a cosmological spacetime interpretation and allowing a conformal field
theory description on the worldsheet [15, 16]. There are other approaches,
such as considering certain double Wick rotations of previously known con-
figurations [17, 18, 19, 20, 21, 22], S-branes [23, 24, 25, 26] and Sen’s proposal
[27, 28, 29] that dynamical rolling of the tachyon of open string field theory
can lead to interesting cosmologies.
In this work, we shall be concerned with the first mentioned approach.
The analysis made so far seems to indicate that the null-brane background is
stable to black hole formation when probed by particles for large shifts and
when the number of non-compact dimensions is big enough (D > 5) [12, 14].
However, our understanding of string dynamics in these backgrounds is still
poor, specially concerning the winding sector. It is instructive to consider
the open string sector by adding D-branes, expecting to get some insight
from their low energy gauge theory description at weak coupling.
Our main goal will be to start exploring a possible non-perturbative string
cosmology scenario by analysing the null-brane background in the context of
the AdS/CFT correspondence [30, 31]. It is thus necessary to know which
M/D-branes exist in this vacuum, the amount of supersymmetry they pre-
serve and their low energy closed string description in terms of classical su-
pergravity configurations. Most of these steps have been answered in [32, 33],
or consist of generalisations of the techniques developed there. We shall pri-
marily be concerned with branes in which the discrete quotient takes place
along their worldvolumes. Even though the dynamics of string theory in
these time dependent backgrounds is not understood, it is natural to study
the near horizon geometry of the corresponding M2/M5/D3 configurations.
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The null-brane carries an intrinsic scale, that we shall denote by R, which
gives the size of the neck of spacetime when moving from its contracting
phase to its expanding one. It is natural to keep it fixed when taking the
near horizon limit, which for D3-branes will be
α′ → 0 , u = r
α′
, gs ,R fixed .
The resulting geometry gives rise to a cosmological model in the Poincare´
patch of AdS5. The latter has a similar geometrical interpretation to the
one in flat spacetime, but D3-branes, or more generally, any M/D-brane that
allows such a construction gives rise to horizons at u=0. There are two main
roads that one can follow to understand the meaning of these horizons :
(i) Extend the cosmological model by crossing the horizon. This leads
naturally to the analysis of orbifolds and discrete quotients of global
AdS spaces.
(ii) Since there is a compact dimension along the brane, whenever its ef-
fective radius probes distances smaller than the string scale, one is al-
lowed to apply T-duality and use its T-dual description to understand
the original horizon.
The first approach leads naturally to consider the analysis of null orbifolds
in AdS spaces 1. This is because Lorentz transformations in the Poincare´
patch are mapped into Lorentz transformations in R2,p−1, the space in which
we embed global AdSp. On the other hand, translations in the first turned
out to be null rotations (boost + rotation) in R2,p−1, involving the “second”
time. To study the geometry, structure of singularities and conformal bound-
ary of these discrete quotients, the embedding of AdSp in R
2,p−1 turns out to
be very useful. As expected, the null orbifold of AdS spaces has fixed points
and it is a non-Hausdorff space, as it happened in the flat spacetime orbifold.
Somewhat more surprisingly, the analogue of the null-brane discrete quotient
in global AdSp spaces (p ≥ 5) has no fixed points, but its conformal boundary
is singular. It has fixed points, it is non-Hausdorff and it has closed lightlike
curves. It can be shown that this singular conformal boundary is equivalent
to the conformal compactification of the null-brane manifold. These state-
ments may lead us to conclude that if there is any field theory dual to such
cosmological scenarios in AdS, living on its boundary, its base space must be
a singular manifold.
1There have been previous works on orbifolds and discrete quotients of AdS spaces in
the context of AdS/CFT, see [34, 35, 36, 37].
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The second approach is much more appealing. Borrowing some intuition
from the AdS/CFT correspondence, the cosmological model on the Poincare´
patch of AdS5 should be dual to a four dimensional Super Yang-Mills (SYM)
gauge theory in the null-brane background. Thus, a priori, this scenario has
some perturbative description on the worldsheet, by extending the formalism
developed in [9] for the null orbifold to the open string sector of the null-
brane discrete quotient. It has a known low energy effective supergravity
description and a dual gauge theory. Furthermore, T-duality can be stud-
ied both on the worldsheet and on supergravity. All in all, these might be
the necessary ingredients to provide a non-perturbative definition of string
cosmology. We shall comment on the first steps to fulfill this programme.
The organisation of the paper is as follows. In section 2, we explain
the main tools necessary to describe null orbifolds in AdSp spaces, ∀ p ≥
3. As an aside remark, we briefly comment on the embedding of the BTZ
black holes [38, 39] in higher dimensional AdS spaces. In section 3, we
embed the previous discussion in string/M-theory, by extending our analysis
to include the q-forms relevant to AdS4 × S7, AdS7 × S4 and AdS5 × S5
spacetimes and by discussing supersymmetry considerations. In section 4, we
comment on the corresponding orbifold construction in brane configurations
and their near horizon limits. In particular, we analyse the mapping of
symmetries between the Poincare´ patch and global AdS. In section 5, we
discuss the analogue of the null-brane discrete quotient in AdSp spaces (p ≥
5) and discuss the singularities of their conformal boundary. In section 6, we
comment on the gauge theory dual to the cosmological models in the Poincare´
patches, some T-duality properties of our bulk configurations and on what
we are still missing to fulfill this programme. Some explicit computations
to prove the amount of supersymmetry preserved by the discrete quotients
discussed in the body of the paper are performed in an appendix.
Note added. While working on this project, we received [40] which
discusses similar cosmological scenarios and their holographic duals in terms
of time-dependent non-commutative field theories. Notice that in their sce-
nario, the shift that gives rise to the null-brane is transverse to the brane
(D2-brane in the forementioned reference), and so it describes a physically
inequivalent model to the ones considered in this work.
2 Null orbifolds in AdS spaces
The p-dimensional anti-de Sitter space (AdSp) is a maximally symmetric
space of constant negative curvature. It can be represented as the hyper-
3
boloid
AdSp →֒ R2,p−1
−u2 − v2+
p−1∑
i=1
(xi)2 = −(RAdS)2 ,
(1)
in the flat (p+1)-dimensional space R2,p−1. By construction, the space has
the isometry group O(2, p− 1) 2.
Equation (1) can be solved by setting
u = RAdS cosh ρ cos τ , v = RAdS cosh ρ sin τ
xi = RAdS sinh ρΩ
i (i = 1, . . . , p− 1;
∑
i
(Ωi)2 = 1) , (2)
where {Ωi} parametrise a unit (p-2)-sphere. The induced metric on the
hyperboloid turns out to be
gAdSp = (RAdS)
2
[−(cosh ρ)2(dτ)2 + (dρ)2 + (sinh ρ)2gSp−2] (3)
where gSp−2 stands for the metric on a unit S
p−2 sphere. As usual in the
physics literature, we shall refer to AdSp to the universal covering space of
the above hyperboloid (1) in which the global timelike coordinate τ has been
unwrapped (i.e. take −∞ < τ <∞).
Any Killing vector ξ defines a one parameter subgroup of isometries whose
action in AdSp is given by
P → etξP ∀P ∈ AdSp (4)
In this section, we shall be concerned with the subgroup generated by 3
ξ± =
1√
2
[u∂x + x∂u ± (y∂x − x∂y)] = x±∂x + x∂∓ , (5)
where x± = (u±y)/√2. Notice that ξ± is the linear combination of a boost in
the ux-plane and a rotation in the yx-plane. The quotient manifold AdSp/Γ
±
is obtained by identifying points under the action (4) whenever t is an integer
multiple of a basic discrete step.
In the following, we shall discuss the geometry of these quotient manifolds
both for global AdSp, and for particular patches of it, the second option giving
rise to the embedding of the BTZ black hole [38, 39] in higher dimensional
AdSp spaces (p ≥ 4).
2When embedding these spaces in string theory, the presence of fluxes will restrict this
isometry group to SO(2, p− 1).
3The existence of such a generator requires us to work with AdSp p ≥ 3.
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2.1 Global AdS
The embedding AdSp →֒ R2,p−1 provides us with the most natural way to
study the null orbifold AdSp/Γ
+. Introduce coordinates {x+ , x− , x} on
R
1,2 ⊂ R2,p−1 (p ≥ 3), being defined as above and assembled them into a
column vector X . The generator g0 of the orbifold acts as
X =

x+x
x−

 → go ·X = etJX =

 x+x+ tx+
x− + tx+ 1
2
t2x+

 ; J =

0 0 01 0 0
0 1 0


(6)
The above definition coincides with R1,2/Γ+, but it certainly applies to
AdSp/Γ
+ since the action of Γ+ leaves (1) invariant. Following the discussion
in [8, 9], the action of Γ+ on the embedding space R2,p−1 has a subset of fixed
points located at x+ = x = 0. Furthermore, R2,p−1/Γ+ is a non-Hausdorff
space, as can be seen by inspection of the x+ = 0 subspace. To learn about
AdSp/Γ
+, one evaluates (1) in these singular subspaces. Denoting xp−2 = x
and xp−1 = y, the set of fixed points in AdSp/Γ
+ is described by
v± = ±
√√√√(RAdS)2 + p−3∑
i=1
(xi)2 ,
consisting of two disconnected branches, whereas the loci where ‖ξ+‖2 =
(x+)2 = 0 is given by
v± = ±
√√√√(RAdS)2 + p−3∑
i=1
(xi)2 + (x)2 .
The fact that {x+ = 0} ∈ AdSp ∀ x allows us to conclude that AdSp/Γ+ is
also a non-Hausdorff space.
Working in global coordinates (2) and picking Ωx = cos θ and Ωy =
sin θ cosψ 0 ≤ θ , ψ < π , for concreteness, we can describe the set of fixed
points by
ρ = 0 , τ =
π
2
+ π n n ∈ Z ∀ ~Ω ∈ Sp−2
θ =
π
2
, cos τ = − tanh ρ cosψ ∀ ~Ω ∈ Sp−4sinψ
(7)
where Sp−4sinψ stands for a (p-4)-sphere of radius sinψ.
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It is particularly interesting to study the action of Γ+ on the conformal
boundary of AdSp. It is well-known that AdSp can be conformally mapped
to one half of the Einstein static universe. This can be seen by introducing
a new coordinate ϕ related to ρ by
tanϕ = sinh ρ (0 ≤ ϕ < π
2
) .
The AdSp metric is conformal to
gE(p) = −(dτ)2 + (dϕ)2 + (sinϕ)2gSp−2 . (8)
It is now manifest that the spacelike hypersurfaces of constant τ are (p-1)-
hemispheres, whose equator (ϕ = π/2) is a boundary with topology Sp−2.
The boundary of the full AdSp spacetime is thus R × Sp−2, and located at
ϕ = π/2 (ρ→∞).
Moving to AdSp /Γ
+, one can derive the set of fixed points on the bound-
ary by evaluating (7) at ρ→∞, giving rise to :
θ =
π
2
, τ = π ± ψ (mod 2π) ∀ ~Ω ∈ Sp−4sinψ
Using similar arguments as before, one concludes that the boundary is non-
Hausdorff due to the specific features of the hypersurface
cos τ = − sin θ cosψ .
The above analysis suggests that if there is any field theory dual living on
the boundary, it must be defined on a singular base space M, which we shall
later identify with the conformal compactification of the null-brane manifold.
Before discussing this point, we shall first find a useful local description for
the orbifold AdSp/Γ
+. Inspired by the embedding AdSp →֒ R2,p−1, it is
natural to introduce a local adapted coordinate system {z+ , z , z−}
x+ = z+
x = z z+
x− = z− +
1
2
z+ z2
(9)
in which ξ+ = ∂z, so that the identifications become shifts in the z variable
(z+ , z , z−) ∼ (z+ , z + 2π , z−) (10)
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in some convenient normalization. It is important to keep in mind that
the coordinate system {z+ , z , z−} defined in (9) breaks down at z+ = 0.
Rewriting (1) in terms of {z+ , z , z−}
−2z+z− − v2 +
p−3∑
i=1
(xi)2 = −(RAdS)2 , (11)
one discovers that it is independent of the compact variable z. One thus
learns that for z+ 6= 0, the metric for the null orbifold AdSp/Γ+ is that of
gAdSp/Γ+ = gAdSp−1 + (z
+)2(dz)2 , (12)
that is, some S1 fibration over AdSp−1. Notice that AdSp−1 has the same
radius RAdS as the original AdSp and that the effective radius (z
+) of the
compact direction (z) belongs to AdSp−1, for z
+ 6= 0. The time dependence
of the solution becomes manifest when one expresses z+ in terms of the global
parametrisation (2) of AdSp−1.
Following the discussion on the conformal boundary for AdSp, it is straight-
forward to determine the conformal boundary for AdSp/Γ
+. Using the global
parametrization for AdSp−1 appearing in (12), this metric is conformal to
g = gE(p−1) +
1
2
(cos τ + sin ϕ˜Ωy)2 (dz)2 , (13)
where the non-compact coordinate ρ in AdSp−1 was related to ϕ˜ through
tan ϕ˜ = sinh ρ. Once more, the conformal boundary is at ϕ˜ = π/2, since S1
does not have one. Notice that Ωy is just indicating the direction in which
the null rotation identification was done. Thus the metric on the conformal
boundary is given by
g∂AdSp/Γ+ = −(dτ)2 + gSp−3 +
1
2
(cos τ + Ωy)2 (dz)2 . (14)
We would finally like to prove that the conformal boundary of AdSp/Γ
+
is equivalent to the conformal compactification of R1,p−2/Γ+. First of all, we
introduce adapted coordinates for R1,2 ⊂ R1,p−2 where Γ+ acts non-trivially,
just as in (9). By standard manipulations for studying the conformal infinity
in flat Minkowski spacetime, the metric on R1,p−2/Γ+ is conformal to
g = −(dτ ′)2 + (dθ)2 + (sin θ)2gSp−4 + 1
2
(
sin τ ′ + sin θΩy˜
)2
(dz)2 . (15)
Of course, the above description also breaks down when y˜+ = 0. It is
though manifest that both (14) and (15) are equivalent if Ωy = sin θΩy˜
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and τ ′ = τ +π/2, that is, if the directions of the corresponding null rotations
are conveniently identified. Strictly speaking, the above explicit computation
shows that the conformal boundary for AdSp/Γ
+ in the adapted coordinate
system {z± , z} is equal to the conformal compactification of R1,p−2/Γ+ in the
adapted coordinates {y˜± , z}. On the other hand, even though both sets of
coordinates break down in different sets of points, both sets actually coincide
when restricting them to the confomal boundary and compactification, re-
spectively. This allows us to state that the conformal boundary of AdSp/Γ
+
is equal to the conformal compactification of R1,p−2/Γ+.
Notice that concentrating on the hypersurface defined by the fixed values
ρ = ρ0, θ = θ0 and zooming the region close to the singularity τ0, by expand-
ing τ = τ0 + δτ , δτ ≪ 1, one recovers the double cone scenario advocated in
[9]
gAdSp/Γ ∼
R2
(cos θ˜)2
{
−(dδτ)2 + (sin θ˜0)2(sin θ0)2 gSp−4 + 1
2
(sin τ0)
2(δτ)2(dy˜)2
}
.
(16)
2.2 BTZ black holes
The extremal 2+1 BTZ black hole [38] can be understood as the quotient
of a subset of AdS3 by the discrete action generated by ξ
+. See [39] for a
more detailed discussion. What we would like to address here concerns the
embedding of such a construction in higher dimensional AdSp (p ≥ 4) spaces.
To do so, we set
−u2 − v2 + x2 + y2 = −ρ2 ,
and inserting it back into (1), we learn ρ ∈ [R ,∞). It is thus natural to
introduce global coordinates
ρ = R cosh µ
xi = R sinh µ xˆi
(17)
where xˆi parametrise a (p-4)-sphere. Notice that the range of the coordinate
µ introduced in (17), depends on the dimension of the full AdSp space under
consideration. In particular,
p = 4 ⇒ −∞ < µ <∞
p > 4 ⇒ 0 ≤ µ <∞ . (18)
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On the other hand, we shall parametrise the {u , v , x , y} in terms of Poincare´
coordinates, which now will depend on the point µ
y + u =
R cosh µ
z
, x =
R coshµ
z
β v = −R coshµ
z
γ . (19)
It is precisely when one restricts to a single patch of AdS3 with a definite
sign of the z coordinate (z > 0, for instance), that by modding out the
corresponding spacetime by the discrete action generated by ξ+ one expects
to embed the BTZ black hole in AdSp. This is explicitly checked by rewriting
the induced metric on (1) in the coordinate system defined in (17) and (19).
The result is given by
gAdSp/Γ = R
2
{
(cosh µ)2gBTZ + (dµ)
2 + (sinhµ)2gSp−4
}
, (20)
where gBTZ stands for the 2+1 massless extremal BTZ black hole metric,
gBTZ = −r2(dt)2 + (dr)
2
r2
+ r2(dφ)2 (21)
which was written in the standard coordinates t = γ, φ = β and r = z−1, all
of them being dimensionless. On the other hand, gSp−4 stands for the metric
on a unit sphere of dimension p− 4.
It is worthwhile pointing out that the above embedding of the extremal
BTZ black hole in AdSp (p ≥ 4), can be straightforwardly generalised to
the non–extremal ones. If instead of considering the action generated by ξ+,
one would have considered the action generated by any of the Killing vectors
spanning SO(2, 2) giving rise to non-extremal BTZ black holes (see [39]),
then one would have parametrised {ui} = {u , v , x , y} by
ui = R cosh µ uˆi , −uˆ2 − vˆ2 + xˆ2 + yˆ2 = −1 .
The choice of {uˆi} is directly related with the choice of discrete quotient
(or Killing vector). The discussion on the remaining coordinates {xi} is as
before. All in all, one derives the metric involving a non-extremal BTZ black
hole (g˜BTZ) embedded in AdSp for p ≥ 4 :
gAdSp/Γ = R
2
{
(coshµ)2g˜BTZ + (dµ)
2 + (sinhµ)2gSp−4
}
. (22)
3 Embedding in String/M-theory
Even though there are many known examples for embeddings of AdS spaces
of different dimensions in string theory, we shall concentrate on the max-
imally supersymmetric ones. These are of the form AdSp+2 × SD−p−2 and
9
Brane p D ι
M2 2 11 1
2
D3 3 10 1
M5 5 11 2
Table 1: Dimensions and radii of curvature
can be thought of near horizon geometries of the M2-, M5- and D3-brane
configurations. The values of p and D are listed in Table 1 along with the
ratio ι = RAdSp+2/RSD−p−2 of the radii of curvature of the two factors.
The metric on the direct product AdSp+2 × SD−p−2 is
g = gAdSp+2 + (RS)
2 gSD−p−2 .
These configurations do also carry fluxes. Using the same conventions as in
[42], these are summarised below :
AdS4 × S7 : F4 = 3
RAdS
dvol (AdS4)
AdS5 × S5 : F5 = 1
2RAdS
(
dvol (AdS5) + dvol
(
S5
))
AdS7 × S4 : F4 = 6
RAdS
dvol
(
S4
)
.
(23)
It is straightforward to extend our previous analysis to these supersym-
metric vacua. By construction, the action of Γ+ is restricted to the AdSp+2
part of the direct product, giving rise to (AdSp+2/Γ
+)× SD−p−2. Therefore,
in the local adapted coordinate system (9)
g(AdSp+2/Γ+)×SD−p−2 = gAdSp+1 + (z
+)2(dz)2 + (RS)
2 gSD−p−2 . (24)
Concerning the field strengths (23), due to its geometrical content, it is
easy to work out their local expressions as
(AdS4) /Γ
+ × S7 : F4 = 3
RAdS
z+ dvol (AdS3) ∧ dz
(AdS5) /Γ
+ × S5 : F5 = 1
2RAdS
z+
(
dvol (AdS4) ∧ dz + dvol
(
S5
))
,
(25)
whereas F4 is left unmodified for AdS7×S4. Remember that these expressions
break down at z+ = 0 and notice that their fluxes over SD−p−2 are unchanged.
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Whenever one considers an orbifold of any supersymmetric vacua, there
is an issue concerning the amount of supersymmetry preserved. Just as there
is a known correspondence among parallel spinors in Rn+1 and Killing spinors
in the n-sphere (Sn →֒ Rn+1) embedded in it [41], one can prove that there
is an analogous correspondence between parallel spinors in R2,p−1 and Killing
spinors on AdSp →֒ R2,p−1 4. In this way, since the null orbifold breaks half
of the supersymmetries in R2,p−1, we learn the corresponding orbifolds of
the maximally supersymmetric AdS spaces preserve one half of the original
supersymmetries. In any case, we give an explicit proof of this fact in the
appendix.
4 Null orbifolds in branes
When dealing with null orbifolds in flat spacetime, their singularities are nat-
urally smoothed by modifying the action by which one quotients the original
manifold. In other words, one considers a different Killing vector from the
one given in (5). This gives rise to the null-brane discrete quotient [4, 8]
which is associated with the Killing vector
ξ = R∂z + ξ
± ,
z being some spacelike direction orthogonal to the three dimensional lorentzian
space where ξ± acts.
As emphasized in [8] and extensively discussed in [32], a sufficient condi-
tion for a brane-like configuration to exist in such string vacuum (null-brane)
is to have an ISO(1, 3) isometry subgroup. This is the case in which we are
going to concentrate, and so it will not apply for M2-branes. The structure
of singularities is analogous to the one in flat spacetime, since the branes
under consideration are flat. The main difference though, is the existence of
horizons associated with brane throats.
We shall concentrate on D3-branes, even though a similar discussion
would apply for M5-branes. Following [4], the classical supergravity config-
uration describing D3-branes in a null-brane vacuum has a ten dimensional
metric
g = V −1/2
{
−2dy+ dy− + dy2 +
(
1 +
(
y+
R
)2)
dz2
+2 dz
(
y+
R
dy − y
R
dy+
)}
+ V 1/2
(
dr2 + r2 gS5
)
, (26)
4This correspondence was found in collaboration with J.M. Figueroa-O’Farrill and will
be discussed in [43].
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with constant dilaton and the corresponding self-dual five form flux. The
function V = V (r) is the usual harmonic function
V (r) = 1 +
Q4
r4
, Q4 = 2π3/2 g2YMN(α
′)2 .
Taking the near horizon limit
α′ → 0 , u = r
α′
, gs ,R fixed ,
one is left with the cosmological model
g = α′
{
u2√
λ
(
−2dy+ dy− + dy2 +
(
1 +
(
y+
R
)2)
dz2
+2 dz
(
y+
R
dy − y
R
dy+
))
+
√
λ
u2
du2 +
√
λ gS5
}
, (27)
where λ = 2π3/2 g2YMN and the corresponding self-dual five form fluxes. The
above spacetime just covers the Poincare´ patch (0 < u <∞). It is manifest
that the effective radius of the compact dimension z vanishes on the horizon
(u = 0). At this stage, one may decide to maximally extend the above
discrete quotient to global AdS, by crossing the horizon, or whenever such
an effective radius becomes smaller than the string scale, one may apply
T-duality. This second possibility will be postponed to the last section.
In order to carry on the first possibility, we need to identify how the
generator of the discrete quotient in the Poincare´ patch (ξ = R∂z + ξ
±)
acts in global AdS. We shall do this for AdSp+2. Let us remind the relation
among the coordinates parametrising the Poincare´ patch (yµ , u) and the ones
describing the embedding AdSp+2 →֒ R2,p+1 (1) :
Xµ =
u
RAdS
xµ (µ = 0, 1, . . . , p− 1)
Xp+1 =
R2AdS
2u
[
1 +
u2
R2AdS
(
1 +
ηµνy
µyν
R2AdS
)]
Xp =
R2AdS
2u
[
1− u
2
R2AdS
(
1− ηµνy
µyν
R2AdS
)]
,
(28)
where we identified Xp+1 = u and X0 = v, without losing generality.
Using the identities :
∂Xµ
∂yν
=
u
RAdS
δµν ,
∂Xp+1
∂yν
=
∂Xp
∂yν
=
ηνµX
µ
RAdS
, Xp+1 −Xp = u ,
12
it is manifest that
Pµ = ∂µ →
√
2
RAdS
(Xµ∂+ −X+∂µ)
Lµν = yµ∂ν + yν∂µ → Xµ∂ν +Xν∂µ
(29)
where X± = (Xp+1 ±Xp) /√2.
The above computation tells us that Lorentz transformations belonging
to SO(1, p) in the Poincare´ patch are mapped into Lorentz transformations in
SO(2, p+1) in global AdS, which in particular justifies our previous analysis
on null orbifolds in AdS spaces. Furthermore, translations (RAdS∂µ) in the
Poincare´ patch are mapped to null rotations in SO(2, p + 1) involving “the
second time” in R2,p+1. To be more precise,
RAdS∂µ →
√
2ξ−
as defined in (5). This analysis strongly suggests to analyse the geometrical
structure of AdSp (p ≥ 5) modded out by the discrete action generated by
ξ = ξ+(u, x, y) + ξ−(v, s, r). This is the subject of the next section.
5 Null-brane discrete quotients in AdS spaces
Let us parametrise AdSp (p ≥ 5) as the hyperboloid
−u2 + x2 + y2 − v2 + r2 + s2 +
p−5∑
i
(xi)2 = −(RAdS)2 , (30)
and study the quotient manifold AdSp/Γ
+− obtained by a discrete identifi-
cation of points using the action Γ+− associated with the Killing vector
ξ = ξ+(u , x , y) + ξ−(v , s , r) (31)
Introducing coordinates {x± , x} and {s± , s} to describe both R1,2 factors
where Γ+− acts non-trivially and assembling them into a column vector X ,
the generator g0 of the orbifold acts as
X =


x+
x
x−
s−
s
s+


→ go ·X = etJX =


x+
x+ tx+
x− + tx+ 1
2
t2x+
s−
s+ ts−
s+ + ts + 1
2
t2s−


(32)
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where the matrix J is given by
J =


0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0


.
It is clear that such an action has fixed points in the embedding space
R
2,p−1. These are located at x+ = x = s− = s = 0. The question is whether
these points belong to our original manifold, AdSp. It is manifest that they
do not satisfy (30) for any finite {x− , s+} value, thus allowing us to conclude
the absence of fixed points under the action of Γ+− in AdSp. Analogously,
the set of points in R2,p−1 where ‖ξ‖2 = 0, that is, s− = x+ = 0, does not
belong to AdSp. One thus concludes that the vector field ξ (31) is spacelike
everywhere in AdSp. The corresponding quotient manifold AdSp/Γ
+− must
be smooth.
Whenever one constructs quotient manifolds, the non-existence of closed
causal curves (CCC’s) in it is non-trivial. Notice that the distance between
a point and its n’th image in our construction is |t n|√(x+)2 + (s−)2. Using
the same argument as before, such distance is always positive in AdSp. Since
the integral curves of the Killing vector (31) are geodesic, the above distance
is geodesic. Therefore, AdSp/Γ
+− has no CCC’s.
Working in global coordinates (2) allows us to study the action of Γ+−
on the conformal boundary of AdSp. It is then easy to check that indeed
there are no fixed points for finite ρ (the non-compact spacelike direction in
global AdS), but that there is a curve of fixed points on an infinite cylinder of
maximal circle base extending along global time τ in AdS and lying in the ry-
plane. It is also on this curve that ‖ξ‖2 vanishes. To understand the origin of
these singularities, consider the conditions x+ = s− = 0 in global coordinates
plus the fundamental trigonometric identity. This gives the constraint
(tanh ρ)2
[
(Ωr)2 + (Ωy)2
]
= 1 ,
which can only be satisfied for ρ → ∞ (conformal boundary) and (Ωr)2 +
(Ωy)2 = 1. The latter defines a maximal circle in the ry-plane and enforces
Ωi = 0 ∀ i6= r,s. Describing this circle by ϕ (0 ≤ ϕ < 2π), the curve on the
cylinder is given by
τ = −ϕ (mod π) .
This discussion allows us to state that if there is any field theory dual de-
scription, it would be defined in a singular base space.
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As in the discussion of null orbifolds in previous sections, it is useful to
introduce a local adapted coordinate system {z± , ω± , z , φ} to describe the
geometry of AdSp/Γ
+−
s− = ω− , x+ = z+
s = φω− , x = z + φ z+
s+ = ω+ +
1
2
ω− φ2 , x− = z− + φ z +
1
2
z+ φ2
(33)
Notice that (33) is a well-defined coordinate system except at ω− = 0, where
it manifestly breaks down. When rewriting the embedding equation (30) in
terms of {z± , ω± , z , φ}, it becomes
−2x+x− − 2ω+ω− + z2 +
p−5∑
i=1
(xi)2 = −(RAdS)2 , (34)
so that it describes AdSp−1 whenever ω
− 6= 0. Since ξ = ∂φ, φ becomes a
compact dimension after the identification. The metric of the corresponding
quotient manifold
gAdSp/Γ+− = gAdSp−1 + [(ω
−)2 + (z+)2](dφ)2 + 2(z+)2dφ d
( z
z+
)
= g
M˜
+ ‖ξ‖2 (dφ+ A1)2 .
(35)
describes an S1 fibration over some compact manifold M˜ with non-trivial
gauge field, whose field strength F2 = dA1 is given by
F2 =
2
[(ω−)2 + (z+)2]2
{
(ω−)2 dz+ ∧ dz − ω− · (z+)2 dω− ∧ d
( z
z+
)}
.
It is easy to identify which is the nature of the conformal boundary in
this case. The analysis of symmetries given in the previous section teaches us
that the conformal boundary of AdSp/Γ
+− must be equal to the conformal
compactification of R1,p−2/Γnull-brane, where Γnull-brane stands for the discrete
action generated by
ξnull-brane = R∂z + ξ
+ ,
acting non-trivially on R1,3. This statement can be checked as we did for null
orbifolds in AdSp. For concreteness, we shall concentrate on the particular
case p = 5. Take the local description (35) for AdS5/Γ
+− and parametrise
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AdS4 in global coordinates (2). In particular,
z+ =
1√
2
(u+ x) =
RAdS√
2
cosh ρ (cos τAdS + tanh ρΩ
x)
ω− =
1√
2
(v − ω) = RAdS√
2
cosh ρ (sin τAdS − tanh ρΩω)
z = RAdS sinh ρΩ
z
in such a way that Ωi parametrise a unit 3-sphere. Extending our previous
arguments, it can still be checked that there exists a conformal boundary at
ρ→∞. The metric on such conformal boundary is
g˜ = −(dτAdS)2 + gS2 + 1
2
(dφ)2
[
(sin τ − Ωω)2 + (cos τAdS + Ωx)2
]
+ 2
√
2dφ [(cos τAdS + Ω
x) dΩz − Ωz(dΩx − sin τAdSdτAdS)] . (36)
On the other hand, the metric on the null-brane vacuum R1,3/Γnull-brane
g = −2dx+dx− + (dy)2 + [R2 + (x+)2](dφ)2 + 2dφ (x+ dy − y dx+) (37)
can be rewritten in terms of
x± =
1√
2
(τf ± rΩx)
y = rΩy .
By standard procedures, its conformal compactification is given by
g = −(dτf)2 + gS2 + 1
2
(dφ)2
[
2R2(cos τf + cos θ)
2 + (sin τf + Ω
x sin θ)2
]
+ 2
√
2dφ {sin θ (sin τf + Ωx sin θ) dΩy
−Ωy (sin θ)2dΩx + Ωy (sin τf cos θ dθ − cos τf sin θ dτf)
}
(38)
One thus learns that using the identifications
τf =
π
2
+ τads
Ωz = sin θΩy
Ωx = sin θΩx
Ωω = cos θ
(39)
both, the conformal compactification (38) and the conformal boundary (36)
are equivalent. Notice that the angular identifications in (39) match the
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two directions in which the null rotations are defined in AdS5 with the two
directions that the null-brane discrete quotient defines on the conformal com-
pactification of Minkowski spacetime.
When considering the above quotient in string/M-theory, the discussion
of the metric is as above. Concerning the field strengths in (23), one only
has to deal with the one in type IIB since the Γ+− action can not be defined
in AdS4 and it does not change F4 for the AdS7×S4 vacuum. Using the local
adapted coordinate system for (AdS5/Γ
+−)× S5
F5 =
1
2RAdS
{√
(ω−)2 + (z+)2 dvol M˜ ∧ dφ+ dvol (S5)}
=
1
2RAdS
{
‖ξ‖ dvol M˜ ∧ dφ+ dvol (S5)} . (40)
Both (AdS5/Γ
+−)× S5 and (AdS7/Γ+−)× S4 preserve one quarter of the
spacetime supersymmetry. This is explicitly proved in the appendix, but it
is very easy to argue using the embedding AdSp →֒ R2,p−1. We have constant
Killing spinors ε0 in R
2,p−1. The action of Γ+− preserves those satisfying
(Γ−x + Γ+ˆs) ε0 = 0 ,
where +ˆ stands for a lightlike direction in the vr-plane, whereas − lies in the
uy-plane. Since both Γ−x and Γ+ˆs are nilpotent and commute, the quotient
preserves ν = 1/4 of the original spacetime supersymmetry.
6 The quest for non-perturbative string cos-
mology
As explained in the introduction, the existence of a compact direction along
the worldvolume of the branes, opens up a very natural possibility. Whenever
its effective radius becomes smaller than the string scale, one is entitled to
apply a T-duality transformation, and move to the T-dual description. Let
us concentrate on D3-branes, from now on. We can read such a condition
from the corresponding near horizon geometry (p=3) in (27)
u2
g2YMN
(
R2 + (x+)2
)
< 1 .
Before giving further details, let us summarise the different descriptions
that we have at our disposal in this particular scenario. We are analysing the
open string sector of string theory in a null-brane background. Extending
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the formalism developed in [9] for the parabolic orbifold, and further used for
the null-brane in [11, 12], one could in principle study a perturbative analysis
on the worldsheet of D3-branes in such vacuum. The expected low energy
effective field theory on the branes would be that of d=1+3 SYM on the
null-brane manifold. This is a gauge theory that can be defined in terms of
N = 4 SYM by requiring the connection A(X) and the scalars transforming
in the adjoint representation of SU(N) to satisfy the boundary conditions
Φj(go ·X) = Ω(X)Φj(X) [Ω(X)]−1 j = 1, . . . , 6
A(go ·X) = Ω(X)A(X) [Ω(X)]−1 − i dΩ(X) [Ω(X)]−1
(41)
where Ω(X) stands for an SU(N) group element describing a gauge trans-
formation, X is a vector parametrising R1,3 and go is the generator of the
null-brane discrete quotient
X =


z
x+
x
x−

 , go ·X =


z + t R
x+
x+ tx+
x− + tx+ 1
2
t2x+

 . (42)
It would be interesting to check whether this gauge theory captures all the
low energy effective dynamics of the open string sector at weak coupling.
On the other hand, D-branes are massive charged objects which act as
a source for the various supergravity fields. Since these D-branes are ex-
citations over the null-brane vacuum, the corresponding classical D3-brane
solution is the one in (26) and mentioned in [32]. Relying on the intuition
borrowed from the AdS/CFT correspondence, it seems reasonable to estab-
lish some duality relation between the previously defined gauge theory and
type IIB in the background (27), even though the string theory dynamics in
these backgrounds is still not understood.
It is at this stage that T-duality provides us with a bridge to go beyond
the Poincare´ patch. Since the gravitational configuration we are dealing with
is locally isometric to the standard D3-brane solution, the forementioned
classical gravity description becomes reliable when the radius of curvature of
AdS5 and S
5 are large compared to the string scale
R4AdS
(α′)2
∼ g2YMN≫ 1 .
Thus, one would expect T-duality to provide a reliable description whenever
u2
(
R2 + (y+)2
)
< (g2YMN)
1/2 , g2YMN≫ 1 . (43)
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This is a time dependent condition, a fact which might not be that surprising
since energy in the dual gauge theory is not a conserved quantity. Even
though this condition restricts the regime of validity of the T-dual picture,
what remains true is that whenever it is reliable, it gives rise to a strongly
coupled type IIA configuration
eφ ∼ gsR√
α′
(g2YMN)
1/4
u (R2 + (y+)2)1/2
≫ 1
which forces us to open up an extra eleven dimension, and look for the cor-
responding M-theory lift classical configuration. We shall provide such a lift
before taking any near horizon limit, just because the corresponding configu-
ration is delocalised in two directions and it would not be that illuminating.
This is found to be
g = V 1/3 · L−2/3 (dx2♮ + dz˜2)+ V 1/3 · L1/3 (dr2 + r2 gS5)
+ V −2/3 · L1/3
{
2dy+ dy− + dy2 − L−1
(
y
R
dy+ − y
+
R
dy
)2}
C3 = V
−1 dy+ ∧ dy− ∧ dy + L−1
(
y+
R
dy − y
R
dy+
)
∧ dz˜ ∧ dx♮ ,
(44)
where we defined the scalar function
L(y+ , R) = 1 +
(
y+
R
)2
,
x♮ stands for the eleventh dimensional coordinate and all quantities are mea-
sured in terms of the eleven dimensional Planck scale. The fact that super-
gravity does not take into account the physical effect of any winding modes
is, as usual, the responsible for the delocalisation of (44). As expected, not
only the Lorentz group on the three dimensional M2-branes is broken due to
the effect of the original null-brane, but also the transverse Lorentz group
is manifestly broken. In particular, the two dimensional subspace spanned
by {x♮ , z˜} shrinks to zero size whenever y+ ≫ R. In the other limit, that
is close to the “neck” of spacetime (y+ ≪ R), the metric in (44) describes a
three dimensional delocalised brane with a pp-wave propagating on it.
It is thus desirable to look for the most general eleven dimensional super-
gravity configuration compatible with the isometries and supersymmetries
of our physical system. Its knowledge would teach us about the effect of
the original winding sector in the T-dual picture. This question is currently
under investigation. This problem is a very generic one and affects the T-
dual descriptions of branes in both, fluxbrane and null-brane sectors in string
theory.
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Such an eleven dimensional background would be expected to be dual to
some sort of large wave length approximation in the gauge theory. It would
certainly be very interesting to study the dynamics of such a gauge theory
5. Due to its definition, correlation functions should be computable in terms
of the known ones in N = 4 SYM by the method of images. Two point
functions with times before and after the neck of spacetime and different
spatial wavelengths could teach us about the nature of the neck itself. For
instance, it could be that for large wave lengths the penetration probability
is exponentially small. That would be interpreted as separation of the two
branches of the cosmology.
Finally, we would also like to mention that the source of instability dis-
cussed in [12, 14] may also exist in these scenarios, due to the redshift of the
energy. If so, it would be interesting to understand its origin on the gauge
theory side. Thinking of the black hole as a thermal state, one could look
for thermalization effects in the two point function. We hope to come back
to some of these issues in the near future.
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A Explicit supersymmetry analysis
In this appendix, we determine the amount of supersymmetry preserved by
AdSp/Γ
+ and AdSp/Γ
+−. Since both, Γ+ and Γ+− just act on AdSp, we shall
decompose the ten or eleven dimensional spinors into a convenient tensor
product of spinors in AdS and on the sphere. By default, we shall denote tne
ones in AdS by ε. These were determined in [44]. Working in a coordinate
system where the AdS metric is described by
gAdS = (dr)
2 + e2 rηαβdx
α dxβ , (45)
5The following comments were suggested by Moshe Roszali.
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it was proved that the Killing spinors ε were satisfying
∇µε = 1
2
Γµ ε µ = α , r , (46)
which is solved by
ε = er/2 ε+ ; ε =
(
e−r/2 + er/2xαΓα
)
ε− , Γrε± = ±ε± . (47)
The local condition of preservation of supersymmetry under the identifi-
cation Γ+ and Γ+− requires the action of ξ on the Killing spinors ε to vanish
[45]
Lξε = ∇ξε+ 1
4
∇aξb Γabε = 0 . (48)
Working out both terms, they can be written as :
∇ξε = 1
2
er (ξ · Γ) ε
1
4
∇aξb Γabε =
(
1
8
(
∂αξ¯β − ∂β ξ¯α
)
Γαβ − 1
2
er (ξ · Γ) Γr
)
ε ,
(49)
where ξ · Γ = ξα Γα, ξα = e2rηαβξβ = e2rξ¯α and {Γµ ,Γν} = 2ηµν .
It is manifest that for ε = er/2 ε+ condition (48) reduces to the one in flat
spacetime
Γ−xε = 0 .
For the second kind of Killing spinors, the one involving ε−, splitting α =
{αˆ , z}, z being the direction in which ξ acts as a translation 6
Lξε =
1
8
e−r/2
(
∂αξ¯β − ∂β ξ¯α
)
Γαβε− + e
r/2RΓz ε−
+ er/2
{(
ξαˆ · Γαˆ
)
+
1
8
(
∂αˆξ¯βˆ − ∂βˆ ξ¯αˆ
)
Γαˆβˆ xγˆ · Γγˆ
}
ε− = 0 (50)
The first line is independent of xγˆ whereas the second line is linear in them.
Thus, both must vanish independently. From the first one, we learn
Γ−xε− = Γzε− = 0 ⇒ ε− = 0 (R 6= 0)
6The coordinates in (45) describe AdS in the Poincare´ patch and it was proved in
(29) that ξ− was mapped to R∂z for some spacelike direction z transverse to the action
generated by ξ+ .
21
or
Γ−xε− = 0 (R = 0) . (51)
When R = 0, it can be shown using gamma matrices identities, the form of
ξ+ and eq. (51) that
1
8
(
∂αˆξ¯βˆ − ∂βˆ ξ¯αˆ
)
Γαˆβˆ xγˆ · Γγˆε− = −ξαˆ · Γαˆ ε−
so that the second line in (50) is automatically satisfied whenever the first is.
We sum up the conclusions of the above computation associating the
generator of the orbifold with the amount of supersymmetry (ν) that is being
preserved :
ξ = ξ+ (R = 0)⇒ ν = 1
2
ξ = ξ+ + ξ− (R 6= 0)⇒ ν = 1
4
.
(52)
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